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Abstract: In this note we do the analysis of entanglement entropy more carefully
when the non-conformal theory flows to a non-trivial IR fixed point. In particular we
emphasize the role of the trace of the energy-momentum tensor in these calculations.
We also compare the current technique for evaluating the entanglement entropy,
particularly the Green’s function method for gaussian theories, with the dilaton
effective action approach and show that they compute identical quantities. As a
result of this, the dilaton effective action approach can be thought of as an extension
of Green’s function technique to interacting theories.
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1 Two Dimensional Non-Conformal Theory
In [14] we showed that the dilation effective action on the cone can be used to
compute the entanglement entropy of a non-conformal field theory. Let us review the
argument now. Away from criticality the theory is no longer conformally invariant.
The conformal invariance can be restored by coupling the theory to a background
dilation field [4, 5].1 Now the dilation couples to the trace of the energy momentum
tensor of the theory. So one can compute the trace of the energy momentum from
the dilation effective action. In particular if the theory is coupled to a constant
dilation background field then the effective action gives the integrated trace of the
energy momentum tensor. The integrated trace of the energy-momentum measures
the response of the theory to a constant scale transformation. This fact is useful for
computing entanglement entropy, see for example [1, 2, 17, 19]. So let us consider a
two dimensional non-conformal theory which was treated in [2, 3]. The theory flows
from a UV fixed point with central charge cUV to an IR fixed point with central
charge cIR. Entanglement entropy, SEE, can be computed by the replica trick and is
given by,
SEE = n
∂
∂n
(F (n)− nF (1)) |n=1 (1.1)
where F (n) = −lnZ(n), is the free energy of the Euclidean field theory on a space
with conical singularities. The angular excess at each conical singularity is given by
2pi(n− 1). The detailed geometry of the singular space depends on the choice of the
subsystem for which we are computing the entanglement entropy and the geometry
of the background space-time. Let us choose the subsystem to be the infinite half-line
and the background space-time to be the two dimensional Euclidean plane. In that
1See also [6–8, 13]
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case the geometry of the replica space is just that of a flat cone with one conical
singularity and angular excess given by 2pi(n− 1). In such a space, the trace of the
energy momentum of the non-conformal theory was calculated in [2, 3] and is given
by, ∫
cone
(< T µµ >n − < T µµ >1) = −pin
cUV − cIR
6
(1− 1
n2
) (1.2)
where T µµ is the trace of the energy-momentum. < T
µ
µ >n denotes the expectation
value of the trace on the cone and < T µµ >1 denotes the expectation value of the trace
on the plane. The above formula computes the contribution of the conical singularity
to the trace of the energy-momentum of the non-conformal theory. Let us first show
that this result can also be obtained by coupling the theory to a constant background
dilation field on the cone.
The effective action for a constant background dilation field τ is given by, 2
F (n, τ) = −cUV − cIR
24pi
1
2
(1 +
1
n
) τ
∫
cone
√
hR(h) (1.3)
where the integral is done on the flat cone as described before. In order to arrive
at this form of the effective action we have used the trace anomaly matching [4,
5] condition and also used the fact that the trace of the energy-momentum for a
conformal field theory of central charge c on the cone is given by [1, 2],∫
cone
√
h < T µµ >=
c
24pi
1
2
(1 +
1
n
)
∫
cone
√
hR(h) (1.4)
Now the trace of the energy momentum tensor in the non-conformal theory is the
coefficient of the term linear in τ .3 Using this fact, one can reproduce Eqn-1.2 by
noting that on the cone, ∫
cone
√
hR(h) = 4pi(1− n) (1.5)
This gives us exactly the answer of [2] for the trace of the energy-momentum tensor
of a non-conformal theory on the cone (the reader should note that our convention
for the energy-momentum tensor differs from that of [2] by an overall minus sign and
a factor of 2pi).
Now let µ denote the mass scale associated with the relevant operator which
causes the RG flow. Since µ is the only dimensionful parameter associated with the
2The reader should note that this is the universal part of the dilaton effective action which is
uniquely fixed by anomaly matching. In the case of an infinite half-line the non-universal or Weyl-
invariant part of the dilaton effective action does not contribute because there is no other length
scale in the problem. If the subsystem is a finite interval then the non-universal part has to be
calculated on the replica geometry and it will give finite size corrections to the entropy. Some of
these terms were considered in [14] for higher dimensional theories and were shown to give rise to
interesting universal terms. They will not be discussed in this note.
3Please see section-5 of [14] for a discussion and derivation of this.
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theory a scale transformation is equivalent to a change in the parameter µ. So one
can write,
µ
d
dµ
SEE = n
∂
∂n
|n=1 (µ d
dµ
F (n)− nµ d
dµ
F (1)) (1.6)
where
µ
d
dµ
F = −
∫ √
h < T µµ > (1.7)
Now using the result for the trace of the energy-momentum we arrive at the result,
µ
d
dµ
SEE = −cUV − cIR
6
(1.8)
This is the same result as was obtained in [2] by different method.
Now from this result one can reconstruct the result of the entanglement entropy
of an infinite half-line. The result can be written as,
SEE = −cUV
6
ln(µa) +
cIR
6
ln(µLIR) (1.9)
where a is the short-distance cutoff and LIR is an infrared cutoff. The IR cutoff
appears because the entanglement entropy of the IR-CFT is divergent for an infinite
half-line.
When the IR theory is trivial, cIR = 0, the second term in (1.9) is not there. This
gives us back the answer of [2], which was also obtained in [14] by using the dilaton
background field. The answer, when there is a non-trivial IR-CFT, was proposed by
John Cardy in a private correspondence. This answer does not appear in print, but
it is implicit in the discussion of [2].4
1.1 Relation with the current technique of calculating entanglement en-
tropy
Let us consider a massive scalar filed of mass m in two dimensions described by the
Euclidean action,
S =
1
2
∫
((∂φ)2 +m2φ2) (1.10)
We want to compute the entanglement entropy of a subsystem which want to keep
arbitrary. It could be an infinite half-line or it could be an interval of finite length.
In order to do this one has to compute the free energy of this theory on a space with
conical singularities. One way to do this is to use the identity [2, 15],
∂
∂m2
lnZn = −1
2
∫
Gn(~r, ~r)d
2~r (1.11)
where Zn is the Euclidean partition function of the theory on a space with conical
singularities and the angular excess at each singularity has value 2pi(n−1). Gn(~r, ~r ′)
4See also the footnote-30 of [2].
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is the Green’s function of the operator (−∇2 +m2), on the singular space. The trick
is to compute the Green’s function on the conical geometry and compute the free
energy using that. Now instead of doing this one could also use the following identity,
m2
∂
∂m2
lnZn = −1
2
∂
∂τ
|τ=0 lnZn(τ) (1.12)
where, −lnZn(τ), is the free energy computed on the cone for the theory defined by
the euclidean action,
S(τ) =
1
2
∫
((∂φ)2 +m2e−2τφ2) (1.13)
Now this is precisely the coupling of the dilaton to the massive theory. So we can
interpret the number τ as a constant background dilaton field. This shows that we
can calculate the entanglement entropy once we know the dilaton effective action on
the cone.
Now (1.11) is valid only for gaussian theories but (1.12) can be easily generalised
to any theory. The L.H.S of (1.12) computes the trace of the energy-momentum of
the massive theory. We have seen that this is enough to compute the entanglement
entropy [3]. For a general field theory the dilaton is coupled as [5],
S(τ) = SUV−CFT +
∫
g(Λeτ )Λ2−∆O∆(x) (1.14)
where g(Λ) is the dimensionless coupling constant and O∆ is the relevant operator
of dimension ∆ which causes the RG flow. Λ is the scale at which the theory is
defined. Although we have written this for two dimensional theories the same form
of the coupling holds in higher dimensions with 2 replaced by the number of space-
time dimensions. So if we can calculate the effective action on the cone for the
theory defined by (1.14) then we will be able to calculate the entanglement entropy.
Precisely this thing was done in the previous section for an infinite half-line. Hence
we can think of the dilaton effective action approach as an extension of the Green’s
function method to interacting theories.
Dilaton effective action has two parts. One is the universal part which is com-
pletely determined by the trace anomaly matching [4, 5] and the other part is the
non-universal or Weyl invariant part. The non-universal part is not determined by
symmetry and one needs to calculate this by some other method. In the previous
section we have calculated the entanglement entropy when the sub system is an in-
finite half-line. If the system is instead a finite interval then there will be finite size
corrections to this [2, 15] and the non-universal or Weyl invariant part of the dilaton
effective action captures this part. Since the non-universal part of the dilaton effec-
tive action depends on the details of the RG flow or the system under consideration,
it is unlikely that there will be a general closed form answer for the finite size cor-
rections which will be valid for any system. This is supported by the known results
[2, 15] for Gaussian theories.
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2 Higher Dimensional Field Theories
The method of dilaton field can be applied to higher dimensional field theories and
the logic is essentially the same as in the two dimensional case. We can consider a
UV-CFT deformed by a relevant operator and let µ denote the mass scale associated
with the operator. Now a scale transformation is equivalent to a change in the
parameter µ and we can write,
µ
d
dµ
SEE = n
∂
∂n
|n=1 (µ d
dµ
F (n)− nµ d
dµ
F (1)) (2.1)
where
µ
d
dµ
F = −
∫ √
h < T µµ > (2.2)
We can now calculate the integrated trace of the energy-momentum from the dilaton
effective action. In four dimensions, the universal part of the effective action for a
constant background dilaton field is given by, 5
Funiversal(τ) = −τ
∫
d4x
√
h (
cUV − cIR
16pi2
W 2 − 2(aUV − aIR)E4) (2.3)
where W 2 and E4 are the Weyl tensor squared and the four dimensional Euler density
defined as,
W 2 = RabcdR
abcd − 2RabRab + 1
3
R2 (2.4)
E4 =
1
32pi2
(RabcdR
abcd − 4RabRab +R2) (2.5)
(aUV , cUV ) and (aIR, cIR) are the central charges of the UV and IR-CFTs, respec-
tively.
One can read off the universal part of the trace of the energy momentum from
the universal part of the dilaton effective action and is given by,∫
d4x
√
h < T µµ >universal = −
∫
d4x
√
h (
cUV − cIR
16pi2
W 2 − 2(aUV − aIR)E4) (2.6)
The trace has many more terms which come from the Weyl invariant part of the
dilaton effective action and those have to be computed in some other way. The effect
of a class of these terms were considered in [14].
Let us now calculate the entanglement entropy coming from the universal part of
the trace. We consider a four dimensional space-time whose spatial slice is a cylinder,
5As was discussed in section-6 of [14], this expression gives us the correct answer only when
the angular excess is infinitesimally small. For general n the central charges should be replaced by
their effective values which depend on n. Unfortunately this is not known for higher dimensional
field theories and so we can only calculate the entanglement entropy in this way but not the Renyi
entropy.
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S2×R1, of radius R. So the Euclideanized geometry is simply R2×S2 and we choose
the subsystem to be half of the cylinder, R+ × S2. So the replica geometry is just a
two dimensional flat cone with only one conical singularity times the two sphere S2.
We can compute the entanglement entropy from (2.1), (2.2), (2.6) and we arrive at,
µ
d
dµ
SEE = 4((aUV − aIR)− cUV − cIR
3
) + .......... (2.7)
We have used the results of [32] to simplify the integration of various geometric
invariants on the cone. We have omitted the terms which come from the weyl-
invariant part of the dilaton effective action. In [14] we discussed a class of such
terms which give rise to interesting universal terms in entanglement entropy which
were observed for example in [22–25]. The term (2.7) we have written down involving
the central charges does not receive any contribution from the Weyl invariant part
of the dilaton effective action as was shown in scetion-8 of [14]. 6
(2.7) can be thought of as the four dimensional generalisation of the Calabrese-
Cardy [2] answer (1.8). This formula can be easily generalised to any even dimension
using this method.
We can go back to the expression for the entanglement entropy, SEE, starting
from (2.7),
SEE = 4(aUV − cUV
3
)ln(µa)− 4(aIR − cIR
3
)ln(µR) + ............ (2.8)
where a is the short-distance cut-off.
3 Theories Which Flow Between Scale Invariant But Not
Conformally Invariant Fixed Points
In [14] we argued that the method computing the entanglement entropy using a
constant dilaton background field is also valid if we replace the CFTs in the UV and
the IR by only scale invariant theories (SFT). The only change is that the expression
for the scale anomaly or the integrated trace of the energy momentum changes and
in four dimensions one gets an extra term [11, 13] which can be written as,
e
∫
d4x
√
hR2(h) (3.1)
where R(h) is the Ricci scalar constructed out of the background metric h and e is
a pure number. This gives rise to an extra term in the universal part of the dilaton
effective action, of the form,
Fextra(n, τ) ∼ τ (eUV − eIR)
∫
cone
d4x
√
hR2(h) (3.2)
6Actually this way of calculating the entanglement entropy is well suited for computing the
renormalized entanglement entropy as defined in [21]. it will be very interesting to see if one could
reproduce the various properties of this which were obtained from holographic analysis.
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This extra tem gives a contribution to the entanglement entropy which is not there
if the fixed points are CFTs rather than SFTs. It will be very interesting to see what
property of entanglement entropy prohibits the presence of this term when the fixed
points are CFTs. This may also point to a strategy for proving if every unitary scale
invariant theory is conformally invariant or not, using the properties of entanglement
entropy. This may turn out to be useful in say six dimensions where no such proof
exists so far. 7 8
4 Discussion
It will be very interesting to prove these results from a holographic calculation of en-
tanglement entropy [16, 18] in RG flow geometries [26–29]. The universal coefficients
of the logarithmically divergent terms involving the UV central charges match with
the answers obtained from holography [24]. It will be very interesting to reproduce
the contribution which depends on IR central charges. Another interesting direc-
tion to pursue will be to generalise this technique to the calculation of entanglement
entropy of excited states, for which interesting results were obtained recently [30, 31].
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